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It is shown that the Stokes eigenfunctions and their corresponding spectra, frequently used in
mathematical investigations of the Navier-Stokes equations, provide estimates on the spectrum
of the two-point spatial covariance tensor. This, in turn, is used to estimate the far-dissipative
turbulent spectrum. An exponential falloff is predicted and evidence given which implies that

this is a sharp estimate.

Two widely different eigenfunction approaches have
been used in recent years for treating the Navier—Stokes
(NS) equations. On the one hand a considerable body of
results in the mathematical literature'= is based on the
Stokes eigenfunctions defined by

Vb =0,

Vzd’ = - /{4’ + vq’
with appropriate side conditions, where ¢ plays the role of
pressure.

On the other hand a basis set known as the empirical
eigenfunctions, first introduced by Lumley* for the study of
coherent structures, has proven useful in considering turbu-

lent flows.>™” To define these suppose that u(x,) satisfies the
NS equations

Veu=0,

()

3 1 2)
Zu+uwVu+ Vp=— V2,
at P Re

with appropriate boundary conditions. For statistically sta-
tionary flows we can define the two-point correlation tensor
K(x,x') = (Su(x) @ Su(x')), (3)

where Su represents departure from the mean and the brack-
ets indicate a suitable ensemble average. The empirical ei-
genfunctions are defined by
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KIJ;=fK(x,x’)1|;(x’)dx’=,1.t¢(x). 4)

As an operator K is Hermitian, non-negative, and in certain
circumstances may be shown to be square integrable. (On
physical grounds one may suppose K to be square integra-
ble.) It then follows from Mercer’s theorem® that {1, } form
a complete set.

In the event that the convective term of (2) vanishes
identically the two systems of eigenfunctions are identical.’
But in general the two systems are quite different. In fact, the
Stokes system may be thought of as arising from (2) for
Rel0 while the empirical eigenfunctions are associated with
the opposite limit, Re 1 oo, i.e., when the flow is turbulent.

In this Brief Communication we relate the two systems;
and, as a result of sharp estimates on the spectrum of the
Stokes case,'? we will be able to produce correspondingly
sharp results for the spectrum of the correlation operator
(3) for which, up until now, only numerical results have
been obtained.

A direct application of these results is to the dissipative
spectrum of turbulent flows. If 7 is the Kolmogorov micro-
scale'! and x = 1/7 the corresponding wavenumber, then
for k>« we conclude that the spectrum is given by

E(k) = O [exp( — ckn)], (5)
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where c is a small constant depending weakly on Re. A var-
iety of ad hoc arguments have been given which lead to a
more rapid decay of the spectrum in this limit. Based on the
present investigation we believe these to be inaccurate. Some
experimental data are available for comparison. The study
by Sreenivasan'? addresses this issue and leads to a conclu-
sion that agrees with ours. Numerical evidence is also scarce.
One exception is a model problem mentioned later which
also is in agreement with (5). We believe (5) to be a sharp
estimate and now proceed with the formal analysis.
We use u to denote the flow fluctuation itself so that

T

{(u) = lim L udt=0. (6)

Ttoo 0

From Mercer’s theorem we have the spectral representation

Kxx) =Y g4, (x) @b, (x), p>p> 20, (7)

n=1
where iz, may be interpreted as being the mean energy of the
]

flow in the ¥, direction. As stated earlier, completeness fol-
lows if K is square integrable; K may be shown to be smooth
in two dimensions' and we assume this property in three
dimensions. If we represent the formal Stokes operator by 4
then

AKA =3 p, 49, 0 4},. (8)

(Since the empirical eigenfunctions are incompressible,
Ve, =0, it follows that we may take4 = — V2.) On taking
the trace it follows that

w > (|4u?) =Tr(4’K) =Tr(4AK4) = Y u,, |4}, |* (9)

Here |*| denotes the usual norm in L 2(Q)%.
Next we denote the eigenvalues of the Stokes operator
by 4,

Tr(AKA4) = (, — ) |40, > + (15 — p3) (JAS, | + |40,*) + (3 — ) (|40, |2 + |4, * + [49,]7) + -
Py —p)AT + (o —p) AT +AD) + (s —p) (AT +A34+43) + -+

=,u1/1% + 1A 3 +,U3/1§ +

The inequality follows from the property that for an ortho-
normal system {,, }" of n elements the sum

S |4,

m=1
achieves its minimum on the eigenvectors of the first # eigen-
values of 4, ordered in a nondecreasing sequence. '

As is well known,

A, =0(n¥P), (12)
in D-dimensional space °. In all cases Tr(4 KA) isbounded

so that g, 0. In particular, on taking (9) into account we
conclude from (11) and (12) that

H, =0n"*P) in R2.

Since the range of K is in C *, 4 can be applied to it repeated-
ly leading to the conclusion that, asymptotically, u, de-
creases faster than any inverse power of . In three dimen-
sions the index beyond which this rapid decay occurs can be
estimated by » = O(Re**), which is Landau’s'>'® estimate
for the number of modes needed before reaching the dissipa-
tive range. This is conservative since the number of empirical
eigenfunctions is optimal. '’

This heuristic result is further supported by the recent
proof of the Gevrey class regularity for solutions of the Na-
vier-Stokes equations. '° They show that a solution u satisfies

|4 explc(7°4)"*1u| < b, (13)
where the constant ¢ >0 is O(1) and b is a constant (in the
case of two dimensions it is also independent of the solu-
tion).

From (13) it follows that
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o</11</12<"'a (10)
and recast (9) into the following form,
(11)
]
b2>sup(|4 exp[c(5°4) /2] |*)
>Tr{4 % exp[2c(7*4)'*1K}
> uaAl exp[2e(n?2,)"?], (14)

where the same manipulations as were used in (11) have
been applied. From this it follows that

K, =0[A 2 exp( —2end D], (15)

and hence falls off more rapidly than any inverse power of n.
We can now clarify the need for relatively few modes,

{¥,}, to represent K in the following way. Namely, we can

estimate the fraction of time that u spends outside the slab

S, = [u:i (u,¢,)2<6}, (16)
Jj=n
with
o 174
6=,u},/4( > A texp[ — 2c(1;zij)”2]) .
J=n

Note that the slab is in the infinite-dimensional function
space spanned by {1\, }. Toward that end consider the func-
tion

0, if ueS,,
1, otherwise.

X. () = [
We have

T
= lim lf x,,[u(t)]dt=f,¥n(u)du(U), aan
T-w T Jo

where p is an adequate statistical solution of the Navier—
Stokes equations, in the w* closure of the time averages of
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the Dirac measures 8,,, on L?*(£2)”. (In two dimensions
this is precisely the invariant measure.) The relations (17)
follow from the ergodic property (in a weak sense) of the
statistical solutions of the Navier—Stokes equations, and
moreover,'®

{u) =fud,u(u), K =fu®ud,u(u).

There, as here, the statistical solution depends on the solu-
tion u and the limits in (16) and should be taken in a general-
ized sense.
Clearly y* is the fraction of the time that u(¢) is on the
outside ,, of the slab S, in the function space L *(2)”.
Now we have

yre=pu(Q, )6<f i (uh;)? du(u)

j=n

(18)

= i (K, ;) = i Hj

j=n j=n

and thus

o 1/2
X:<_l' (2 HA ;" exp| — 26(772’11)”2])

j=n

) 172
X(Z A exP[zc(ﬂzflj)l/z])
Nj=n

o /4
<u:/‘(z ,1,—2exp[—2c<n2/l,-)”’]) b (19

=n

Therefore if either the average energy pu, or
3 A2 exp[ — 2c(5?4;)""*] is very small we can assume
that u actually lives on the linear manifold

Ky, + - + K, ;.

The deliberations presented above can now be applied to
estimating the energy spectrum for scales that are small
compared with the Kolmogorov microscale, 7. To accom-
plish this we first observe that since 2, is the average energy
in the nth mode and therefore represents the energy spec-
trum as a function of the index ». [ In dimensional units, x,, is
¢ 3t ~2, and thus has the same units as the three-dimensional
spectral energy density £(k).] A second observation of im-
portance is that as the index tends toward infinity, the em-
pirical eigenfunction become.sinusoidal, as do the Stokes
eigenfunctions, at least locally. This follows from the fact
that, generally, as n1 o, WKB theory applies and hence
leads to local trigonometric forms for the eigenfunc-
tions.'>?® Furthermore, in the present instance, given the
damping effect of the dissipation on the fine structure of the
flow, for nt « the convective term in the NS equations di-
minishes in importance. Thus by an earlier remark, the
Stokes and empirical eigenfunctions approach one another.
The former, except for boundary layers, clearly tend to sinu-
soids.

It therefore follows that for n1 o we can transform from
the index n to the wavenumber

3
and instead of (12) we have

A,~k?, (20)
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which holds in any number of dimensions. Then, writing
E(k) instead of p,,(,, , we obtain from (15)

E(k) = o[exp( — cnk)] 21)

in any number of dimensions. Of course in two dimensions 7
is to be interpreted as the Kraichnan®' cutoff. In writing
(21) we are ignoring unimportant algebraic factors of k.

Many attempts have been made to determine the dissi-
pative spectrum. For example, Corrsin®”> and Pao® predict
an O[exp( — ck */3)] falloff while a number of authors pre-
dict O[exp( — ck?)] (Townsend®*; Novikov?®; Saffman?®,
see Tennekes and Lumley'' and Monin and Yaglom®’ for
further discussion). These derivations are heuristic and may
be questioned. A noteworthy exception is Kraichnan’s DIA
equations?® which lead to Ok * exp( — ck) ], which though
less sharp, is not far from (21) in form. Of course (21) does
not contradict these results. The issue hinges on the degree of
sharpness present in (21).

Experimental confirmation is complicated by the diffi-
culty in collecting reliable data. Since in the asymptotic limit
of k large, the signal is small and noise plays an increasingly
important role. The most recent discussion of experimental
data in this limit was given by Sreenivasan.'? He finds that
E(k) is best fit by an exponential. Rewriting his fit in our
notation he finds

E(k) =0 [exp( — 12.79k)], 0.1<k9n<0.5,
= O [exp( — 8.89k)], 0.5<ky<1.5. (22)

Computation is also of limited help in fixing the far-
dissipative range. Memory and performance limitations
force almost all computations to stop at roughly the Kolmo-
gorov scale. The resulting spectrum is therefore unreliable
for kn = O(1) and beyond. An exception to this are calcula-
tions for the Ginzburg-Landau (GL) equation® for which
the calculations were taken well into the dissipative range.
We mention this case since the analysis of the GL equation is
virtually the same as that given earlier, and the result for the
dissipative spectrum is (15). Under an appropriate defini-
tion for 5, (21) also applies. The numerical results found in
Ref. 29 (see also Ref. 30) are consistent with the exponential
fall suggested by (21). In fact, as explained there, one should
expect behavior of the sort shown in (22).

In view of the experimental data of Sreenivasan'? and of
the GL computations®® we suggest that (21) is in fact a rea-
sonably sharp description of the far-dissipative term.

ACKNOWLEDGMENTS

The authors are grateful to Peter Constantin and Bruce
Knight for their helpful comments.

The research reported here was supported by the U.S.
Department of Energy under Contract No. DE.FGO2-
86ER25020 and by DARPA/URI under Grant No.
NO00014-86-K0754.

'P. Constantin, C. Foias, O. P. Manley, and R. Temam, J. Fluid Mech. 150,
427 (1985).

2P. Constantin and C. Foias, Navier—Stokes Equations, Chicago Lectures in
Mathematics (University of Chicago Press, Chicago, 1988).

3R. Temam, Infinite Dimensional Dynamic Systems in Mechanics and
Physics (Springer, Berlin, 1988).

4J. L. Lumley, Atmospheric Turbulence and Radio Wave Propagation, edit-

Brief Communications 466

Downloaded 04 Jun 2008 to 146.203.28.10. Redistribution subject to AIP license or copyright; see http://pof.aip.org/pof/copyright.jsp



edby A. M. Yaglom and V. L. Tatarski ( Nauka, Moscow, 1967), pp. 166
178.

5P. Moin and R. D. Moser, J. Fluid Mech. 200, 471 (1989).

1. Sirovich, H. Tarman, and M. Maxey, Proceedings on the Sixth Sympo-
sium of Turbulent Shear Flows, edited by B. E. Launder (Springer, Berlin,
1988).

’N. Aubry, P. Holmes, J. L. Lumley, and E. Stone, J. Fluid Mech. 192, 115
(1988).

#F. Reisz and B. Sz. Nagy, Functional Analysis (Ungar, New York, 1955).

SL. Sirovich, Low and High Dimensional Dynamics of Chaotic Flow, Pro-
ceedings of the 1989 Newport Conference on Turbulence (Springer, New
York, 1990).

10C, Foias and R. Temam, J. Funct. Anal. 87, 359 (1989).

1H. Tennekes and J. L. Lumley, A First Course in Turbulence (MIT Press,

Cambridge, 1972).

12K R. Sreenivasan, J. Fluid Mech. 151, 81 (1985).

13C. Foias and G. Prodi, Rend. Semin. Univ. Padova 39, 1 (1967).

YR, Courant and D. Hilbert, Methods of Mathematical Physics (Intersci-

ence, New York, 1962), Vol. L.

467 Phys. Fluids A, Vol. 2, No. 3, March 1990

'SL. D. Landau and E. M. Lifshitz, Course of Theoretical Physics, Fluid
Mechanics (Pergamon, New York, 1987), Vol. 6.

15C. Foias, O. Manley, and R. Temam, Phys. Lett. A 122, 140 (1987).

17L. Sirovich, Q. Appl. Math. 45, 561 (1987).

8C_ Foias, Rend. Semin. Univ. Padova 49, 9 (1973).

L. Sirovich and B. W. Knight, Proc. Natl. Acad. Sci. USA 82, 8275
(1985).

20B. W. Knight and L. Sirovich, Proc. Natl. Acad. Sci. USA 83, 527 (1986).

2IR. H. Kraichnan, Phys. Fluids 10, 1417 (1967).

228, Corrsin, Phys. Fluids 7, 1156 (1964).

23Y. H. Pao, Phys. Fluids 8, 1063 (1965).

24A. A. Townsend, Proc. R. Soc. London Ser. A 208, 534 (1951).

25E. A. Novikov, Dokl. Akad. Nauk SSR 139, 331 (1961).

2P, G. Saffmann, J. Fluid Mech. 16, 545 (1963).

27A. S. Monin and A. M. Yaglom, Statistical Fluid Mechanics (MIT Press,
Cambridge, MA, 1975), Vol. IL.

%R. H. Kraichnan, J. Fluid Mech. 5, 497 (1959).

L. Sirovich, B. W. Knight, and J. D. Rodriguez, to appear in Physica D.

301, Sirovich, Physica D 37, 126 (1989).

Brief Communications 467

Downloaded 04 Jun 2008 to 146.203.28.10. Redistribution subject to AIP license or copyright; see http://pof.aip.org/pof/copyright.jsp



