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ABSTRACT Subthreshold solutions of the Hodgkin-Huxley
equations are considered here by means of the linearized forms
of these equations. An asymptotic theory is obtained, based on
dimensional analysis and scaling arguments. Explicit expres-
sions for the crest speed are obtained and are shown to be in
good agreement wit experiment, with computation, and with
an exact asymptotic value which is also obtained here.

The firing of an impulse in a nerve requires that the membrane
potential attain a threshold value. Experiment and computation
based on the Hodgkin-Huxley (HH) equations (1) have shown
that subthreshold responses appear as decrementing waves that
have a velocity close to that of the full nerve impulse (2). Be-
cause subthreshold potential excursions are relatively small, a
linearized theory should be applicable. Indeed, a numerical
integration of the linearized HH equations has been shown to
agree with the comparable numerical integration of the full
nonlinear HH equations (3). Because the linearized HH
equations are essentially diffusive, whereas the velocity of the
full impulse is due to nonlinear mechanisms, the analytical
investigation of the linear problem is of mathematical as well
as physical interest. In this report we outline an investigation
of this problem that proceeds by means of scaling arguments
and asymptotic analysis.

Linearized equations and scaling
According to the theory of Hodgkin and Huxley (1, 4), the
membrane potential (V) is controlled by three currents: sodium,
potassium, and leakage. The sodium current in turn is controlled
by two kinetic variables, an activation variable m, and an in-
activation variable h. Potassium current is controlled by the
single kinetic variable n. The first step of a linear analysis is to
assume that all four dependent variables of the HH equations
are independent of both space and time. Set all derivatives equal
to zero, and solve the four equations for their equilibrium or
so-called resting values (VOmohono). In what follows, we use
the variables (V,m,h,n) to denote the small departures of the
HH variables from these resting values. The linearized HH
equations then have the form:

a V=aV + avmm + avhh + avnn + G 2 [at ax2 [1

atah,,nvV + ammm [2]
at

anv ann 4a= a,,,V + a,,,n. [4]

We have used letter subscripts so that comparison with the
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nonlinear equations (4) may be made easily. The coefficients
that occur in the equations for the kinetic variables are de-
pendent upon temperature and, at the reference temperature
of 6.3', to which we restrict attention here, assume the
values:

a,, = -0.677354 at,,,, = 69.1479 asA = 2.04667 am,, = -55.3988

amp,= 0.02637 amm = -4.22356

an, = -0.004107

am, = 0.002806

ah = -0.117426

a,,. = -0.183198.

Customary practice has been followed: the units are millivolts,
millimeters, and milliseconds. The perturbations m,h,n carry
no dimensions and, by hypothesis, are assumed to be small
compared to unity. An appropriate normalization for the per-
turbed membrane potential is

V =vVo; Vo = Iamm. I/amv< 160 mV.

We introduce this normalization and rearrange terms somewhat
to obtain Eqs. 1 and 2 in the form,

0dV = (at+ V v + Vn n + G?
+I (m-v) + v hJ [5]

aim at
Here 1/lam, 1, the sodium turn-on time, is the fastest time scale
of the problem and for t >> 1/ Iamm 1, the lower equation yields
v - m. Therefore, from this and the smallness of avh/Vo, we
may neglect the terms contained in the curly bracket of Eq. 5.
Potassium activation, n, is then easily eliminated by means of
Eq. 4, to give:

(at Lann) at = av + VviT at _ an )v
+a(nanvv + a a2V [6]

Next, if we set
v = soexp (ann 0t),

the diffusion term in Eq. 6 is eliminated, whence
,02/P avw a~p a3

-*= (avv-ann + V i + aunanv(P + U (Pd,at2 - Vol 3t ax2,at
It now is natural to normalize t and x as follows:

T = avnant, X = [-avnanv/62]1/4X [7]

Abbreviation: HH, Hodgkin-Huxley.
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