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Abstract

Low-dimensional representations of sensory signals are
key to solving many of the computational problems encoun-
tered in high-level vision. Principal Component Analysis
(PCA) has been used in the past to derive such compact rep-
resentations for the object class of human faces. Here, with
an interpretation of PCA as a probabilistic model, we em-
ploy two objective criteria to study its generalization prop-
erties in the context of large frontal-pose face databases. We
find that the eigenfaces, the eigenspectrum, and the gener-
alization depend strongly on the ensemble composition and
size, with statistics for populations as large as5500, still
not stationary. Further, the assumption of mirror symmetry
of the ensemble improves the quality of the results substan-
tially in the low-statistics regime, and is also essential in
the high-statistics regime. We employ a perceptual criterion
and argue that, even with large statistics, the dimensionality
of the PCA subspace necessary for adequate representation
of the identity information in relatively tightly cropped faces
is in the400–700 range, and we show that a dimensional-
ity of 200 is inadequate. Finally, we discuss some of the
shortcomings of PCA and suggest possible solutions.

1. Introduction

In a typical face-recognition application, images are dig-
itized as a set of pixel intensities on a 2D grid. Faces in them
are localized, normalized, and subjected to further process-
ing, such as feature extraction and/or recognition. Key in
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that process is an accurate estimate of theprobability den-
sity of the set of faces in the the space of all images.

Necessarily, the parameters of this probability density
are estimated from a finite set of training examples. It is
paramount to keep the number of these parameters, or the
dimensionalityof the representation, low in order to have a
reliable estimate, and avoidover-learning[8]. Also, both
the speed and accuracy of many high-level algorithms criti-
cally depend on the dimensionality of their inputs.

Principal Component Analysis (PCA)[9], or the
Karhunen-Loève expansion [11, 13], is a well-established
method for the derivation of optimal low-dimensional rep-
resentations. “Eigenfaces” were initially derived by the
application of PCA to ensembles of facial regions [23]
and full faces [12]; subsequently, the low-dimensional sub-
space spanned by the strongest eigenfaces was called “face
space” [25]. The hypothesis was made that the Euclidean
length of the of projection to face space of the pixel-level
difference between two facial images is an adequate dis-
tance measure for face discrimination, under broad varia-
tions in the imaging conditions [25].

Later, other holistic distance measures for face recogni-
tion were studied, based on multiple classes [24, 1, 4], and
on two classed [14, 15, 17]; under the general ideas ofLin-
ear/Fisher Discriminant Analysis[7], which all employ an
initial projection to face space. Besides of identity, classifi-
cation and perception of race and sex [16] has been studied
using PCA. Also, the PCA representation has been shown
to be robust against known gaps in the data [5], as well as
uncorrelated noise [18].

Given the wide applicability of PCA, both as a represen-
tation and a probabilistic model, it is somewhat surprising
that the questions of the dimensionality of the face space
and the size of the statistics necessary for robust estimation
of the model parameters are still open. Here we propose
a framework for approaching those questions and provide
bounds on their answers. We also study the rˆole of the mir-
ror symmetry for the quality of the results.



2. The face space

A properly registered and normalized face1 will be rep-
resented by the image intensity values�(x), wherefxg is
a pixel grid that containsV pixels. Anensembleof T faces
will be denoted byf�t(x)gt2T . Briefly (see,e.g.,[22, 17]
for details), its PCA representation is given by

�t(x) =

MX

r=1

atr�r r(x) (1)

whereM = min(T; V ) is the rank of the ensemble,f�r2g
(in non-increasing order) is theeigenspectrumof the two
correlation matrices
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and f r(x)g and fatrg are their respective orthonormal
eigenvectors.2 The picturesf rg are theeigenfacesof the
ensemble [12].

Theaverage signal powerof the ensemble is

1
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x;t

j�t(x)j2 = trR � trRM �

MX
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�r
2: (3)

PCA is optimal in the sense that, among allN -dimensional
subspaces (N < M ), the subset of eigenfacesf rgNr=1 (2)
span the one which captures the most signal power,trRN

[13, 9]. For a given dimensionalityN , the coefficients of
the PCArepresentationof an arbitrary face,�(x) are

�rar =
1

V

X

x

 r(x)�(x) (4)

while the respectivereconstructionanderror are

�recN =

NX

r=1

ar�r r and �errN = �� �recN : (5)

With the standardmultidimensional Gaussianmodel for
the probability densityP [�] [14, 17], theinformation con-
tent,or thelog-likelihood,of the reconstruction (5) is

� logP [�recN ] /

NX

r=1

jarj
2: (6)

1For this study, frontal pose faces were: registered by semi-
automatically pinpointing the centers of the eyes; normalized by an affine
transformation that makes the inter-eye line horizontal, centered, and 28
pixels wide; and cropped to aV = 64� 60 = 3840 grid that includes 17
pixels above the eyes—a somewhat tighter cropping than is typically used
in the literature, chosen to include as little background and hair as possible,
but still preserve all facial identity and expression information (cf. Fig. 1).

2WhenM = T < V , the diagonalization ofC is easier; this is called
thesnapshot method[22].

3. Dimensionality and generalization

What is the dimensionality of face space, how many
terms should be kept in (5), what value ofN captures
“enough” information about a face?

Eigenfaces. One possibility to answer those questions is
to look at the eigenfaces of the ensemble, keep the ones that
are “face-like,” and throw away the “noise-like.” Such an
analysis, of Ensemble FERET, which is comprised by the
examples without eye glasses from the “development set” of
the FERET database [19] (T = 1038), is shown in Fig. 1.
Notably, the initial regime captures sources of variability
that are intuitively understandable: 1 is the “typical face;”
 2, the figure-ground separation; 3 through 8 are various
lighting-related modes. The next regime, up to about 50,
is obviously related to the variability in the facial composi-
tion, and the rest can be attributed to noise. It is tempting
to conclude thatN 2 [50; 100] would be reasonable trunca-
tions in (5). Notably though, the remnants of facial structure
are strong in 100, decay very slowly, and persist up to the
end of the eigenface sequence.

Perceptual quality. The idea that classification can be
performed directly on the firstN PCA coefficients (4) re-
lied on the hypothesis that the reconstruction (5) is “ade-
quate” [25]. In order to verify that, one can look at theper-
ceptual qualityof the reconstructions,�recN (5), and residual
errors,�errN , as well as theirsignal to noise ratios.

Evidently in Fig. 2,�rec100, with SNR � 6:5octaves, is
perceptually inadequate—almost all identity information
is contained in the error. This is also true for�rec

200
,

with SNR � 7, although there is a noticeable improvement
there. Next, there is a regime of transfer of identity and
expression information from the error to the reconstruction,
with most of the identity already captured by the reconstruc-
tion with N = 500, SNR � 7:5; and only tiny, but signif-
icant details develop all the way toSNR � 8, notably the
eyebrow midpoint and tops, the width of the nose, and the
structures around the eyes. Although, supposedly for most
purposes,N � 500 would be a reasonable reconstruction
of this example in the context of Ensemble FERET, even at
N = 1000, the details of the expression and the eyebrows
are not fully developed.

Relative entropic cost. The finding that�rec100 is inade-
quate, in the sense that it captures almost none of the iden-
tity information, is somewhat surprising. On one hand, the
modes in the regimeN 2 [100; 500] are needed for ade-
quate reconstruction; on the other, evidently in Fig. 1, they
are global, non-intuitive, noisy, with weak facial content.

One possibility for this discrepancy would be that the
ensemble does not generalize well—in its context, some re-
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Figure 1. The first 16 eigenfaces of Ensemble FERET ( T = 1038, V = 3840) and 8 of the rest.
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Figure 2. Successive reconstruction in the cross-over regime of Ensemble FERET
The reconstructions�recN (5) of Example 1 (an out-of-sample example for all ensembles) are labeled with the logarithm of
their signal to noise ratiosin octaves (= 3dB), SNR � log2(k�k

2=k�errN k2), and shown on the top row; the respective
residual errors,�errN , are shown on the bottom. For display purposes, the first three errors are amplified1� and the last—4�.

constructions�recN (5) of the out-of-sample example� could
be veryimprobable(6). Fig. 3 shows the information con-
tent, or theentropic cost,and the quality of the reconstruc-
tion, parametrically as a function of the dimensionality,N .

Four regimes are evident: a rapid SNR gain up to
N � 50 whenSNR � 6 is achieved at very low entropic
cost; a gradual increase of the cost per component un-
til SNR � 6:5, N � 100; a plateau, up toSNR � 7:2,
N � 250; and finally, an “explosion” in the entropic cost.

Although it is obviously “unwise” to keep terms in (5)
much more thanN = 250 in the context of Ensem-
ble FERET, evidently from Fig. 2, it is “necessary;” this
supports the conclusion that this ensemble (T = 1038,
V = 3840) does not generalize well in theN > 250 regime.

Eigenspectrum. The same regimes in the generalization
properties of the ensemble are also evident from the eigen-
spectrum of the ensemble, shown in Fig. 4. Initially, there
is a power-law regime, where the ensemble generalizes
well, up toN � 100; then there is across-overregime,
N 2 [100; 300], in which some genuine information about
the face space is still available; and finally, there is an
exponential-decayregime, related to noise and artifacts.

4. Stationarity and large statistics

Section 3 provides evidence that, with Ensemble FERET
(T = 1038, V = 3840), althoughN � 500 PCA coef-
ficients are needed in (3) for adequate reconstruction, at
most100 of them are truly genuine, and at least200, truly
artifactual. This observation opens the question how many
examples,T , are needed in the ensemble, for the reconstruc-
tion to be entirely in a good-generalization regime.

Here we consider Ensemble 2 (T = 5627), which ad-
ditionally contains examples from a large, internally-
developed face database. Evidently from Fig. 5, its eigen-
faces are cleaner; the “vertical lighting” mode ( 5) is
stronger an purer; the old “background lighting” modes ( 4
and 5, Fig. 1) have moved to 7 and 8; the old facial-
feature modes ( 9,  10,  12,  19, Fig. 1) are cleaner, more
localized, and have moved slightly. We will refer to this
phenomenon asmode renumbering.Also, some novel fea-
tures have developed ( 9,  10,  14,  17,  23,  56). No-
tably, there is clearly facial information in 1000, and the
last mode, 3840, contains just pixel noise. Obviously, the
regime of genuine information extends further than before.

This conclusion is reinforced by the generalization
curves in Fig. 3—Ensemble 2 has an almost constant regime
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Figure 4. log-linear and log-log Spectra of Ensemble FERET ( T = 1038, V = 3840)
log2(�r

2= trR)—the ratio of the signal power in ther-th mode,�r2, and the total signal power,trR (3)—is shown with
a solid line; of the residual signal power after truncation (3) and the total signal power,log2((trR � trRr)= trR), with a
dashed line; of the eigenface signal power and the residual signal power, with a dotted line. When the power spectrum,S,
is exponentially decaying, so is its integral—the residual energy,R; then their ratio,S=R, is a constant. WhenS is a power
law, so isR; thenS=R is again a power law, with a power of�1; this is exactly true for the eigenspectrum of the ensemble
of natural images, which is not constrained to include only well-framed objects [20]. The spectrum untilr � 100 is in the
power-law, and afterr � 300, in the exponential-decay regime, with a cross-over in between.

	1(x) 	2(x) 	3(x) 	4(x) 	5(x) 	6(x) 	7(x) 	8(x) 	9(x) 	10(x) 	11(x) 	12(x)
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Figure 5. The first 15 eigenfaces of Ensemble 2 ( T = 5627, V = 3840) and 9 of the rest.

for N 2 [150; 400], corresponding to the regimeN 2
[100; 250] of Ensemble FERET; it correlates with the cross-
over regimes of their spectra (cf. Fig. 10). Evidently, larger
ensembles can probe deeper into the structure of face space
and achieve better SNR with “genuine” modes; also, for a
given SNR, less terms are needed in the reconstruction (5)
which, additionally, come at a lower entropic cost.

5. Mirror symmetrization

In Section 4 it was shown that large statistics are
paramount to getting high-quality results with PCA. Here
we explore an additional method for the enrichment of the
statistics, which was pioneered in [23]. There isa priori
knowledge of a global mirror symmetry of the ensemble—
if a picture is a face, its mirror image is also a face (pos-
sibly not of the same individual). Hence, we construct the
mirror-symmetrizationof an ensemble withT examples—
by including also their mirror images—for total statistics
with ~T � 2T .

Small statistics. A comparison of the reconstruction
quality with the symmetrized and non-symmetrized ensem-
bles is shown in Fig. 6. Notably, any finite unsymmetrized
ensemble is not exactly symmetric. Also, a typical probe
example� is not mirror-symmetric either. Hence, one of the
mirror versions of� is more probable in such asymmetric
context—the one that is asymmetric in the same direction
as the ensemble itself. Intuitively, the entropic cost in the
context of the symmetrized ensemble has to fall somewhere
between those of the “correctly” and “wrongly” asymmet-
ric ones. Nevertheless, evidently from Fig. 6, the sym-
metrized reconstructions have higher SNRs afterN = 200
and lower entropic costs, afterN = 300, than even the
“correctly-”asymmetric ones.

Large statistics. The mirror symmetrization, crucial for
ensembles with poor statistics, is also very useful for richer
ones, such as Ensemble 2. The regime of fast entropic
growth, SNR � 9 and beyond, for the non-symmetrized
ensembles on Fig. 7a, has transformed to only moderate
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PN

r=1 jarj
2 (6), and signal-to-

noise ratio (cf. Fig. 2) are shown as a function
of the dimensionality N for the reconstruc-
tions of Example 1 (cf. Fig. 2). To illustrate
the dependence on N , the curves are marked
with open points for N 2 f1; 50; 100; 150g, and
with filled, for fN mod 200 = 0g. Notably, the
ensemble compositions are not identical, and
since no special normalization has been per-
formed, the overall scales of their entropies
are slightly different; what can safely be com-
pared is the shapeof the curves, as well as the
SNR, which is absolute. In contrast, exactly
the same examples participate in all three en-
sembles in Fig. 6, and also their entropies can
be compared directly. In addition, the full gen-
eralization analysis for Ensemble 2 is shown
in Fig. 7 a, curve ensemble 5627.

growth for the symmetrized one. Remarkably, the doubling
of the statistics—fromT = 5627 to ~T = 11254—has im-
proved the generalization properties of the ensemble, which
signifies thatT = 5627 is not yet in the stationarity regime.

The perceptual quality of the successive reconstructions
with the symmetrized ensemble (~T = 11254), shown in
Fig. 8, is markedly better than that of Ensemble FERET
(T = 1038) (cf. Fig. 2). Nevertheless, although eigenfaces
in the regimeN 2 [400; 700] are necessary, they are still
not in the plateau-, or the good generalization, regime.

Eigenfaces. The effect of the mirror symmetrization on
the eigenfaces of large ensembles is also significant; Fig. 9
shows the eigenfaces of the symmetrized Ensemble 2.

0.5

1

1.5

2

2.5

4.5 5 5.5 6 6.5 7 7.5 8 8.5 9

E
n

tr
o

p
y 

p
er

 C
o

m
p

o
n

en
t

SNR of the Reconstruction [octaves]

ensemble 1038
mirror 1038

symmetrization 2076

Figure 6. Generalization analysis (cf. Fig. 3) of
reconstructions with Ensemble FERET ( T =
1038) (ensemble),its mirror image (mirror), and
symmetrization ( ~T = 2076).

0

1

2

3

4

5

6

7

8

9

10

4 6 8 10 12 14 16 18 20

ensemble  5627
mirror  5627

symmetrization 11254

a

0.8

1

1.2

1.4

1.6

1.8

2

6 6.5 7 7.5 8 8.5 9 9.5 10

ensemble  5627
mirror  5627

symmetrization 11254

b

Figure 7. Generalization analysis (cf. Fig. 6) of
reconstructions with Ensemble 2 ( T = 5627)
(ensemble),its mirror image (mirror), and sym-
metrization ( ~T = 11254), shown in full in (a)
and in part in (b).

The most striking effect is that now all the modes are,
necessarily, either even or odd. The symmetrization has
forced several of the leading principal components into intu-
itively more understandable incarnations. Typical examples
are 2,  5,  8,  11, and many others; there is noa priory
reason they should not be (a)symmetric, and here they are.

Notable is the liberation of the asymmetric modes, such
as 3,  7,  12,  94, and others (not shown); they were pre-
viously obscured by the tendency to mix into the symmetric
ones which have similar eigenvalues (average energies). We
will refer to this phenomenon asmode mixing.

Notably, the face content is much more pronounced and
cleaned up in the regimer 2 [250; 1000], also evident from
the lower entropic cost regime in Fig. 7b, and the extended
power-law and cross-over regimes of the spectrum Fig. 10.
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Figure 8. Successive reconstruction (cf. Fig. 2) with the symmetrization of Ensemble 2 (cf. Fig. 7).
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Figure 9. Eigenfaces of the symmetrized Ensemble 2 ( ~T = 11254, V = 3840).
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6. Discussion

The PCA basis of face space (2) serves as an efficient,
low-dimensional representation for the execution of higher-
level algorithms, both of the facial images themselves (5),
and of their probabilities (6). Here we have studied the suc-
cessive regimes in the structure of face space as a function
of the dimensionality: they begin with global facial features
followed by feature localization, feature mixing, ripples of
decreasing scale, and pixel noise at the end (cf. Fig. 9).
Three regimes are evident in the eigenspectrum: a pu-
tative power law, a cross-over, and an exponential de-
cay (cf. Fig. 10); they correspond to rapid quality increase,
plateau, and entropic explosion in the representation of the
energy and entropy of facial images (cf. Fig. 7).

The exact shape of the final regime of the spectrum is
a known function ofT=V , which is a manifestation of the
limited statistics [21]; this knowledge can be used to recover
the true spectrum of the signal in the cross-over regime
through Bayesian estimation [6]. Evidently from Fig. 10,
with increasing statistics, the initial regimes of the spectra
tend to an universal curve; the departures therefrom signal
the end of the genuine regime and the beginning of the tran-
sition to the artifactual one. Notably, the universal spectrum
of this ensemble ofnatural objectsis decaying faster than a
power-law, in contrast with that ofnatural images[20].

Evidently from Fig. 8 (cf. Fig. 9), the firstN � 200



eigenfaces capture such global variables as, race, sex, light-
ing, small scale- and pose variations, overall shape and gen-
eral structure of the face, and general expression. At least
twice that many seem to be necessary for such minor, but
identity-distinguishing details as the exact shape of the eye-
brows, and the detailed structure of the nose and the eyes.

In the light of these findings, it is not surprising that
initially encouraging face-recognition results from methods
that project to a subspace with too low a dimensionality
have resisted successful scaling-up to large databases [17].

Several factors can influence the dimensionality of face
space,N , and the size of the statistics necessary for ro-
bust estimation,T . They will both increase when additional
sources of variability are present: eyeglasses; pose variabil-
ity; larger number of pixels,V , due both to more liberal
cropping and/or higher resolution; and less stringent reg-
istration. N andT will decrease with a tighter cropping,
preferably non-rectangular [12, 14], and better registration,
such as, based on non-linear warping,e.g.,[3, 10].

Nevertheless, there are phenomena that cannot be dealt
with naturally in the context of PCA. The ambiguity of
mode mixing,described in Section 5, which is due to eigen-
faces with similar second-order cumulants (2), could be re-
solved on the basis of their fourth-order cumulants, in the
context ofIndependent Component Analysis[2].

Another possibility is, while retaining all of the repre-
sentational power of PCA, to build on top of it an explicit
sparse, flexible feature-template representation, such asLo-
cal Feature Analysis[18, 17]; it reduces dimensionality ad-
ditionally [17], and has been found to be very suitable for
face recognition [19].
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